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HARMONIC VOLUME, SYMMETRIC PRODUCTS,
AND THE ABEL-JACOBI MAP

WILLIAM M. FAUCETTE

ABSTRACT. The author generalizes B. Harris’ definition of harmonic volume to
the algebraic cycle W, — W, for k > 1 in the Jacobian of a nonsingular
algebraic curve X . We define harmonic volume, determine its domain, and
show that it is related to the image v of W —W_ in the Griffiths intermediate
Jacobian. We derive a formula expressing harmonic volume as a sum of integrals
over a nested sequence of submanifolds of the k-fold symmetric product of
X . We show that v, when applied to a certain class of forms, takes values
in a discrete subgroup of R/Z and hence, when suitably extended to complex-
valued forms, is identically zero modulo periods on primitive forms if & > 2.
This implies that the image of W — W,” is identically zero in the Griffiths
intermediate Jacobian if k& > 2. We introduce a new type of intermediate
Jacobian which, like the Griffiths intermediate Jacobian, varies holomorphically
with moduli, and we consider a holomorphic torus bundle on Torelli space with
this fiber. We use the relationship mentioned above between v and harmonic
volume to compute the variation of v when considered as a section of this
bundle. This variational formula allows us to show that the image of W —W,~
in this intermediate Jacobian is nondegenerate.

1. INTRODUCTION

Let X be a Riemann surface and let J = J(X) be its Jacobian variety. The
Abel-Jacobi map I;: X — J extends naturally to the kth symmetric product
Xy giving a map I : X, — J. In this way X, defines an algebraic k-cycle on
J , which is universally denoted W} in the literature. The algebraic k-cycle W
may be viewed as the image under the Abel-Jacobi map of effective divisors of
degree k on X . Let W, be the image of W, under the group involution on
J(X). We remark that the algebraic cycle W, — W,~ is homologous to zero.

In the simplest case, that of two points p and ¢ on a Riemann surface X,
being homologous is equivalent to being algebraically equivalent as algebraic
O-cycles. In fact, Lefschetz showed that homological equivalence and algebraic
equivalence coincide for divisors, that is, algebraic cycles of codimension one,
although it is now known that this is the exception rather than the rule in
higher codimensions. In 1969, with the foundational work of P. Griffiths, it was
shown that homological equivalence is, in general, strictly weaker than algebraic
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equivalence [G3, G4]. This result spawned a good deal of work to determine the

exact relationship between algebraic equivalence and homological equivalence.
For instance, the algebraic k-cycle W, determines an element w,_; in the

algebraic equivalence ring of J(X). It is known that Poincaré’s formulas

i'w; = wi

hold in the cohomology ring H*(J; Z). A. Collino showed in 1975 that these
formulas also hold in the algebraic equivalence ring of a hyperelliptic Riemann
surface X [Co].

In 1983 G. Ceresa [C] succeeded in showing that for a generic Riemann sur-
face X, Wy and W_ are algebraically inequivalent if 1 < k < g-2. Of
course, Wy, and W, are always algebraically equivalent since they are ho-
mologous divisors in J . Ceresa succeeded in proving his result by assuming that
Wi and W~ are algebraically equivalent for curves X lying in a Zariski open
set in moduli space and then using differential calculus in moduli space to de-
rive certain relations about the vanishing of linear functionals on H*(J(X); C)
for all curves X . He then produces a reducible curve for which these relations
fail to hold, thus reaching a contradiction. The general result is then obtained
by induction.

A similar type of result was obtained by Ceresa and Collino [CC] in 1983
when they showed that, for a generic 3-fold F in P* with one ordinary double
point, the difference of the two generators in the smooth quadric H, which is
the inverse image in the proper transform of F of the singular point under the
blowing up of P* at the singular point, is not algebraically equivalent to zero,
even though Griffiths has shown that it is homologous to zero.

The difficulty with this approach is that although Ceresa’s theorem establishes
that W, and W are algebraically inequivalent for a generic curve X, the
theorem provides no way of determining, for a given Riemann surface X,
whether W, and W[~ are algebraically equivalent.

In his 1983 paper in Acta Mathematica [BH1], B. Harris contributed to the
ability to determine when W; and W™ are algebraically inequivalent by intro-
ducing the technique of harmonic volume. Let X be a nonsingular algebraic
curve of genus g > 3 and let 6,, 6, 03 be three real harmonic 1-forms on X
with integer periods. Choose a basepoint p € X and defineamap J,: X — T°

by X X X
J,(x)=(/ ol,/ 02,/ 03) modulo Z? .
14 p p

By imposing the conditions that [ y0inB; =0 for | <i<j<3, weare
assured that the image J;X in T3, as a singular 2-cycle, is the boundary of
some 3-chain Cj, which is unique modulo 3-cycles. We define the harmonic
volume of 6, 6,, 63 to be the integral

dxi Ndx; Ndxs,
&)

where J;(dx;) =0,.

The importance of the concept of harmonic volume lies in the following
two facts. First, the value of the linear functional v which is the image of
the algebraic cycle W, — W, in the Griffiths intermediate Jacobian associated
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to the Jacobian of X is twice the value of harmonic volume. Second, in a
concrete computational sense, an equivalent definition of harmonic volume is
as the iterated integral

/(h192 ~n12) modulo Z,
Y

where y is a path on X Poincaré dual to the cohomology class of 653, h; is a
function on y obtained by integrating 6, , and 7, isa l-form on X satisfying
dma = 6; A 6,. It is this interpretation of harmonic volume as an iterated
integral which allows its explicit computation.

If W, is algebraically equivalent to W,”, then v, suitably extended to a
C-linear functional 7 on complex-valued forms, must vanish on (3, 0)-forms,
since W; and W~ are both contained in an algebraic surface. Thus, in order
for W, and W~ to be algebraically equivalent, it is necessary that twice the
harmonic volume vanish on every 3-tuple of holomorphic differentials. This
result was known to Hodge and we recall it here in its higher dimensional analog:

Proposition 1.1. If W is algebraically equivalent to W,~ in J , then the C-linear
map ¥, considered as a linear functional on H*+'-0(J) @ ... @ H*1-k(J), is
zero modulo periods except possibly on H*¥+':k(J).

Using the technique of harmonic volume, Harris shows that the Fermat curve
of genus three is a specific example of a curve X whose image W, in its
Jacobian is not algebraically equivalent to the image of W) under the group
involution [BH2].

We remark that Harris’ harmonic volume necessarily vanishes if X is a hy-
perelliptic Riemann surface since the image of a hyperelliptic Riemann surface
in its Jacobian is merely translated under the group involution. It is conjectured
that the converse also holds: If the harmonic volume map is identically zero on
a Riemann surface X, then X is hyperelliptic. A result by M. Pulte [P] in this
direction shows that if the harmonic volume vanishes there must exist on X a
distinguished (g — 1)th root of the canonical divisor.

The goal of this paper is to generalize Harris’ definition of harmonic volume
to the algebraic cycles W, — W~ for k > 1. This will be accomplished by
generalizing the idea of choosing p real harmonic 1-forms with integral peri-
ods and integrating from a fixed basepoint to give a map J;: X; — T7, for
1 <1 < [4], of the /th symmetric product of X into a p-dimensional torus.
We first ask what condition must be imposed on the choice of these 1-forms
in order to insure that the image will be the boundary of some chain. The an-
swer to this question will be shown to depend only on the cohomology class of
the wedge product of these forms when considered as representing elements of
H'(J(X);R). We will call a class in H?(J(X); Z) [-good if it is represented
by a wedge product of p real harmonic !-forms with integral periods such that
the image of X; under the associated map J;: X; — T? is the boundary of
some (2/ + 1)-chain.

Our first result is best expressed in the language of filtrations. The Lefschetz
decomposition of any p-form on J(X)

[p/2]
> L),
r=0
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where L is the Lefschetz operator and 6" is a primitive (p — 2r)-form, pro-
vides a filtration of the real cohomology of J(X):

[p/2]-2
L) c LYY + L' (0 c --- C Z L'(6")
p/2]-1 [p/2]
c Y L") cd L") =H(J(X),R).
r=0 r=0

Let G' be the subgroup of H?(J(X); Z) generated by /-good p-forms and
define G% to be the subspace G'@R of H*+!(J; R) and G. to be the subspace
G'oC of H?+1(J; C). Then the groups Gk also prov1de such a filtration:

GkC GyC---cGEA ' cGEA c HP(J; R).

Our first result is that these two filtrations agree. In particular, a decomposable
integral (2k + 1)-form is k-good if and only if the last term of its Lefschetz
decomposition vanishes.

B. Harris has shown that in the case k = 1, the class of good forms coincides
with the class of primitive forms. The result just cited shows that for k > 2,
the class of good forms is strictly larger than the class of primitive forms.

In §3 we limit our attention to p = 2k + 1, [ = k. Here we will use the
term good rather than k-good. By choosing a chain in 72¥+! with boundary
equal to the image J, X, we define harmonic volume to be the linear functional

n (2k + 1)-forms obtained by integrating modulo Z over this chain. Just as
in Harris’ paper, the homomorphism v on good forms is twice the value of
harmonic volume. We go on to show that values of harmonic volume on good
forms lying in G*~! lie in a discrete subgroup of R/Z. This result will be used
in §4 to show that the linear functional v vanishes identically on G*~!. In
particular, v vanishes on all primitive forms if k > 2.

This last result generalizes a remark of G. Ceresa [C, Remark 3.15]. The
content of Ceresa’s remark is that the map v, suitably extended to a complex-
linear map », when restricted to primitive (g, 0) forms, gives a (multivalued)
section (depending on the choice of chain with boundary W —W,”) of the dual
of the Hodge bundle on moduli space which vanishes modulo periods along the
divisor of curves X containing a pencil of divisors of degree kK + 1. The
result cited at the end of the last paragraph shows that this section vanishes
identically if k > 2. The vanishing of this section for k > 2 may be given a
proof independent of harmonic volume, and we do so here.

Proposition 1.2. Let X be a nonsingular algebraic curve of genus g > 2k + 1.
Let 6 =60, A---A6By,, beadecomposable (r,2k +1—r)-formon J.

Ifr<(&) orif r>2k+1-[%1, then (6) = 0 modulo periods. In particular,
if k>2, v isidentically zero modulo periods on (2k + 1, 0) forms.

Proof. We may suppose k > 2. Let / =[£] and define

Doyt = my(W, x Dye—pyi1 + Dot x W),

where 0D,;,; = W;— W . A computation shows that Dy is homologous to
J J J +
(’,‘) times Doy, since Wy x Wy_, isa (’,‘)-sheeted cover of W, . Computing
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the integral of 6 over 52k+1 by pulling back the integrand to W} x Dy _jy41 +
Dy x W, yields an expression of the integral as a linear combination of
products of integrals over W, and D,)_;4; and of integrals over W,_, and
D,;,; . The hypotheses force all the integrals over W, _;, and W, to be zero,
and it follows that i7(6) is a (%) torsion point. A continuity argument similar
to the one in the proof of Proposition 4.1 as X varies over Torelli space then
shows that 7(6) is zero. O

We note that in the example given in [BH2] using the Fermat curve of degree
4, it is shown that 7 does not vanish identically on H3-9(X) if the genus of
X is 3, whereas by Ceresa’s remark, if X is hyperelliptic of genus 3, 7 is
identically zero. This is easily seen since the image of a hyperelliptic X in its
Jacobian is translated under the group involution.

In §4 we use a continuity argument as X varies in Torelli space together
with the result that values of harmonic volume on good forms in G*~! lie in
a discrete subgroup of R/Z to show that v is identically zero on G*~!. In
particular, this shows that for k > 2, the image of W — W,” in the interme-
diate Jacobian _#(J(X)) of the Jacobian of X is identically zero, and hence
the Griffiths primitive intermediate Jacobian cannot be used to determine the
algebraic equivalence of W, and W, .

The Hodge filtration on H?+!(J), induces a filtration on the subspace G
of H**1(J) generated by good forms. This filtration is given by FGL =

GH+10(J) 4. 4 G4 %k+1=d(J)  Since Fk+1GENGE =0, the natural R-linear
map
Gk — GE/Fk+1Gk = FHIGE

is an isomorphism. This gives Gﬁ a natural complex structure that, by the work
of Griffiths, varies holomorphically with the complex structure on J .

We consider the homomorphism v as a section of a holomorphic torus bun-
dle defined as follows. The linear functional v is an element of Hom(G*, R/Z)
~Homc(G§, C)/Hom(G*, Z). Using the complex structure on G§ constructed
above, this quotient space is a compact complex Lie group similar to Griffiths’
intermediate Jacobian [G2]. In fact, it is merely (F**!GX)* modulo the lattice
G*. On Torelli space we construct a bundle with fiber (FX+!'Gk)*/G*. The
homomorphism v then provides a holomorphic section of this bundle, a result
which is also essentially due to Griffiths. Using harmonic volume as a compu-
tational tool, we then derive a formula computing the “vertical codifferential”
of v, a concept made precise in §5.

In §5 we show that harmonic volume is nondegenerate by using the for-
mula for the codifferential mentioned above to compute the differential of the
harmonic volume map at a point of Torelli space representing a hyperelliptic
Riemann surface. We note that the differential at this point is injective on the
normal space to the (2g — 1)-dimensional hyperelliptic locus. This result sug-
gests that the use of an intermediate Jacobian based on periods of good forms
rather than on periods of primitive forms might be fruitful in achieving a ver-
sion of Abel’s theorem in higher dimensions for classifying algebraic cycles up
to algebraic equivalence.

The research appearing here is taken from my Ph.D. dissertation, done at
Brown University under the direction of Bruno Harris.
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2. GoOD FORMS

In the one-dimensional case, B. Harris defines a map J;: X — T3 by integrat-
ing modulo Z three real harmonic 1-forms with integral periods along a path.
In order to determine the domain of harmonic volume, he determines what con-
straints must be imposed on the 1-forms in order to ensure that the image J; X
in T3 is the boundary of some 3-chain. As remarked in the introduction, the
condition that the image J;X in T3 is a boundary depends only on the wedge
product of the three 1-forms, considered as forms on J(X). He discovers that
the constraints can be expressed in terms of the vanishing of the natural skew-
symmetric pairing of 1-forms on X defined by 6,-6; = [, 6, A6, . Harris then
shows that the class of decomposable integral 3-forms on J(X) which satisfy
these constraints is precisely the set of primitive decomposable integral 3-forms.

In this section we will determine the domain of our higher dimensional har-
monic volume by choosing real integral harmonic 1-forms 6,,...,6, on X
and defining a map J;: X; —» T? foreach /, 1 </ < [%‘]. We then ask
what condition must be imposed on the wedge product 6; A---A 6, , considered
as representing an element of H?(J(X); Z), in order to ensure that the image
Ji X, is the boundary of some chain in 77 . We then proceed naively using the
fact that J,X; is a boundary if and only if it represents the zero element in

HP(T?;Q)".
Let X be a Riemann surface of genus g > p > 3 for a fixed natural number
p. Let J = J(X) be its Jacobian variety. Let 6,,..., 6, be real harmonic

1-forms on J(X) with integer periods. For each /, 1 <[ < [&5}], define
J): X, — T? by

! Xi ! Xi
J,(xl,...,x,)=(Z/ 01,...,2/ 0,,) modulo Z7 .
i=1 VP i=1 VP

We define 6, A---A6, to be an /-good p-form if J; X, is the boundary of some
(2] + 1)-chain in T?. By viewing J)(x) as a linear functional on the subspace
V of H'(X; Q) generated by 6, ..., 0,, it is immediate that the definition
of good depends only on ¥ and not on the individual 1-forms. Hence, the
definition of /-good depends only on the wedge product of these 1-forms.

We now wish to determine which p-forms are /-good.

Lemma 2.1. J,X;, as a singular 2!-cycle, is the boundary of some (2l + 1)-chain
in T? if and only if
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!
Z (Sgn T) H (Bta(2m—l) : 010(2m)) =0,
TESy m=1

Jor all order preserving injections o: {1,...,2l} - {1,..., p}.

Proof. JiX; is a boundary in 7? if and only if f sx, W = 0 for all closed

2l-forms y on T?. Since H¥(T?) equals /\2’ H'(TP), it is necessary and
sufficient to show that [ V= 0 for all y’s of the form dx,)A---Adxg0),
where o: {1,...,2l} —» {1, ..., p} is an order preserving injection. Pulling
this integral back to X; and using the fact that H'(X;; Z) is isomorphic to
the subring of H'(X'!; Z) of elements invariant under the natural action of the
symmetric group S; (see [M]), this integral may be explicitly computed as a
product of integrals over X . This computation yields the result. O

Let B o =Y s, (80 7) [Tosy (Oco@m—1) * Ocoam)) -

We notice that the condition in Lemma 2.1 contains products of terms of
the form 6;-6;. Such terms may be obtained by taking the interior product of
01 A--- A Oy, with powers of the fundamental class 7 of the image of X in
J , if we consider these forms simply as elements of dual exterior algebras. We
remark that if 4;, B; for 1 < i < g is a canonical basis for H!(X; Z), then
the fundamental 2-form Q on J is equal to Y%, B; A A;. Further, if a;, b;
for 1 <i < g is the dual basis for H;(X; Z) = H,(J;Z),then n =% biAa;
is the homology class of the image of X in J. Hence, we see how taking the
interior product with powers of 7 and the exterior product with powers of Q,
that is, powers of the Lefschetz operator, might be related. This motivates the
following linear algebra construction.

Using the fact that the cohomology ring H*(J; Q) is the exterior algebra
on H!(J;Q) and that H,(J;Q) is the dual exterior algebra, consider the
following linear algebra construction. For n < m, we define the pseudocap
product,

N: H™(J; Q) ® Hy(J; Q) = H™"(J; Q)
by setting 0, A---A O, Ncy A--- Ac, equal to
K(m, n) Z (sgna)bs1)(c1) -+ Os(ny(Cn)Oa(nsty A== A Oo(my
GESH
where

K(m, n) = oo (<15,

An analogous construction for n > m defines the ordinary cap product.
Now define
P:HY(J;Q)— H™(J; Q)

to be the map taking 6 to 6N x’. This is simply the interior product described
above between the dual exterior algebras.

Lemma 2.2. Let 6 =0, A--- A 6, be a decomposable rational p-form. Then
i
1

m=1

P(0) = 35— 3D Z(Sgnﬂ)eu(zm) Ao A By H(e/z(Zm—l) < Ouiom)) -
2 (p ) HES)




310 W. M. FAUCETTE

Proof. This lemma follows by a straightforward computation by induction on
! and the fact that 8" n! = (6" y!~')Nn for all natural numbers / >2. O

Hence, pseudocap product with 7’ has the effect of sequentially removing /
pairs of 1-forms, taking their product under the skew-symmetric bilinear form,
and then taking the product of these / numbers as the coefficient for the wedge
product of the remaining (p—2/) 1-forms, at least up to a nonzero multiplicative
constant. It should be evident to the reader how this is related to the condition
in Lemma 2.1.

Proposition 2.3. Let J; be defined by the linearly independent integral harmonic
forms 6y, ...,0,. JX; is the boundary of some (2] + 1)-chain in T? if and
only if
P,(GI /\~~/\0p) =0.

Proof. Using the result of Lemma 2.2 and a combinatorial argument, it can
be shown that the coefficients of the linearly independent terms in P;(6) are
precisely the numbers B; , from Lemma 2.1. Hence, P;(¢) =0 if and only if
all the B, ,’s are zero. Now Lemma 2.1 completes the proof. O

Now we may begin studying the kernel of P;.

Proposition 2.4. Let 0 = 6, A---A8, be a decomposable p-form in HP(J; Q) =
N H'(J; Q). Then there exist nonnegative integers s and t with 2s +t =p
and real harmonic 1-forms A;, B; for 1 <i<s+t, 1 < j<s,with A;-Bj = 6;;
and Aj+Aj=0=B;-Bj forall i and j, and

O =CcAAB A ANAABsA A1 A+ A Ay,

for some nonzero rational constant c. Further, the numbers s and t are unique.
Proof. By considering 6 as representinga p-plane in H'(J; Q) and the pairing
(a, B)— [yaA B asaskew-symmetric bilinear form, this proposition reduces
to an elementary linear algebra fact about canonical representations of skew-
symmetric bilinear forms over a field. O

Define a decomposable rational p-form 6 to be of wedge type (s, t) if s
and ¢ are as in Proposition 2.4 and write 6 = 65" .

Let G' c H?(J; Z) be the subgroup generated by all /-good p-forms and let
Gé) be the vector space G'®zQ. Let O C H?(J ; Z) be the subgroup generated
by all decomposable integral p-forms where, possibly after some rearrangement
of the 6,’s, one has 6,-0; =0 for 1 <i, j<p-1[+1. Theclass O will be
called the set of /-orthogonal p-forms. The Lefschetz operator is defined to be
the map

L: H°(J;Q) — H"**(J; Q)
60— QANG.

Proposition 2.5. Let 65:' be a decomposable rational p-form of wedge type (s, t)
representing an element in HP(J; Q).

(@) 65'An! =0 ifand only if | > 5.

Consequently, 6°-' is a generator of G{) ifandonly if [ > s.

(b) 65! is a generator of O' @2 Q ifand only if [ > s.

(c) L& P+ (95:1y =0 ifand only if | > s.
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Hence, for decomposable rational p-forms 6, one has

0€Gqy ifandonlyif 6€0,®,Q ifandonlyif 6€kerLEP+

Proof. Using Proposition 2.4, write 6 in the canonical form given there, and
complete the set of 1-forms to a canonical basis 4;,B;, 1 < i < g, for
H'(J; Q). Then the fundamental 2-form on J is given by Q = Y%, Bi A
A;. From the paragraph after the proof of Lemma 2.2 which describes the
pseudocap product, one concludes that 65:‘Ax* is a rational constant times
Asy1 A---NAsyr, and 6510y is zero if | > s since all the A,’s are orthogonal.

A generator of O, ®z Q must represent a p-plane in H!(J; Q) which con-
tains a (p—[+1)-dimensional totally isotropic subspace with respect to the skew-
symmetric pairing of 1-forms. This is possible if and only if s +¢t>p—/+1,
which is equivalentto / > s.

Likewise, L4(6) = 0 if and and only if g +s+¢> g, so L8P () =0 if
andonly if g—p+/+s+1t> g, which is equivalentto / >s. O

Proposition 2.6. Let 6 bea p-form on J representing an element of H?(J ; Q).
Then for 1 <1<[21, 0 isin ker L&P* ifand only if 0 is in Gq-

Proof. By Proposition 2.5 and the linearity of the Lefschetz operator, it is clear
that G§, C ker LE—P+/

For the reverse inclusion, choose a canonical basis 4;, B;, 1 < i < g, for
H'(J; Z). Write

0= 0,ACjA---AC,,
JeJ

where C; equals either 4; or B;, 0, consists of a sum of forms containing
only wedge products of s pairs 4;AB;, and the sum is over all distinct singleton
endings Cj A---ACj,. Since forms with different singleton endings are linearly
independent, L4(6) = 0 if and only if L4(6;)ACj,A---ACj, = 0 for all singleton
endings. However, a simple computation shows that LE=7*/(6,)AC;, A---AC), =
0 forall J ifandonly if g —s—1t+1[> g—t, which is equivalent to / > s.
It follows that @ is in Gé) , by Proposition 2.5. O

Corollary 2.7. Let G' C H?(J; Z) be the subgroup generated by all I-good p-
forms and let 66 be the vector space G' 2 Q. Let O, c H?(J;Z) be the
subgroup generated by all l-orthogonal p-forms.

Then Oy ®zQ = Gy, = ker LE~P+!,

Corollary 2.8. Let 0,, ..., 0, be linearly independent integral harmonic 1-forms
on J andlet 6 =0, A---N0, be the corresponding nonzero p-formon J. Let
0 = YPRIL7 (60 be the Lefschetz decomposition of 0, where ") is a primitive
(p—2r)-formon J and L™ is the rth power of the Lefschetz operator.
Then 0 is l-good if and only if ) = ... = gWP/2) = (.

Proof. Writing 6 in its Lefschetz decomposition and applying L&~7+ we see
that all the terms with 0 < r < /-1 are zero since 6" is a primitive (p — 2r)-
form. Since L&#~?*/(0) is zero and the Lefschetz decomposition is unique, we
must have that 60 =0 for / <r<[§]. O

We remark that this corollary provides the equivalence of the two filtrations
of HP(J; R) described in the introduction. Also, for / =1, g—p+/ = g—-p+1,
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and it follows that G L consists precisely of all primitive p-forms. This result

is given in [BH1] for p = 3. However, for p > 5, the space G“’ /21

contains all primitive p-forms.

We also remark that it is not true that 6 =6, A--- A6, is [-good if and only
if for some (p — [+ 1) of the ;s we have 0,-0; = 0. As an example, take
p=>5and /=2, andlet X be a Riemann surface of genus 5 with symplectic
basis A4y, ..., s, By, ..., Bs for H](X',Z). Let

6, =4, 6, = B, + A,, 03 = 2B, + By + A3,
04 =B;+ B, + B3+ A4, 6s = —B, — 3B, + B3 + 2B,.
Then, we have 6,-0; #0 if i # j, but 6; A--- A 65 is good, since
0 - A 05 0’ AN eg s

strictly

where
0;=01, 0§=92, 9'3=91—202+03,
0‘/‘=01—02+04, 0’5=—0]+302+05,

as is easily checked, and this liesin O, C G? since ;-6 =0 for 2<i<j<5.
The following proposition tells us that this is the only type of counterexample.

Proposition 2.9. A decomposable integral p-form 6 =0, A---N6, on J is [-
good if and only if there exist integral harmonic 1-forms 6, ..., 0, such that
0=6,A--NO, and 6;-0,=0 for 1 <i, j<p—1I+1. Hence, O,=G'.
Proof. If 6 = 6] A--- A0, is a decomposable integral (p —/ + 1)-form with
0;-6;=0 forall 1 <i,j<p-1+1, we consider 60n' . As remarked after
Lemma 2.2, pseudocap product with n/ removes [ pairs of 1-forms, takes their
pairwise product under the skew-symmetric bilinear form, and takes the product
of these / numbers as the coefficient for the wedge product of the remaining
(p —2I) 1-forms. Then it is clear that 6Nn' = 0 since any choice of / pairs of
1-forms must contain (/ + 1) mutually orthogonal 1-forms, so one pair must
consist of orthogonal 1-forms. Hence, all the coefficients are zero and 6 is
I-good, by Proposition 2.3. So O, c G.

Suppose 6 = 6; A--- A0, is [-good. Let Il be the oriented p-plane in
H!'(X; Q) spanned by 6, ..., 6,. Using a basic linear algebra result, we may
choose a basis 7y, ..., 75, 7, ..., 7; for [ with t<s, t4+s=p, 1,-7,=0
for 1<i,j<s,and 71;- 1'3» = n;0;; for some natural numbers n; with n;
dividing n;,,, which is equivalent over the integersto 6,, ..., 6,.

We remark that s > [272]1+1 and 6 = 7, A--- AT, AT A--- AT; since any
integral change of basis has determinant +1.

If s > p—I+1, weare done by letting 6; = 7; for 1 <i<s and 6} = 7;_ for
s+1<i<p;andreversing 7,_; and 7, if necessary, to make 6 = 6{A---AG, .

Suppose s < p — [ + 1. We complete the basis 7y, ..., 75, 7}, ..., 7; for
IT to a basis 7, ... rg,rl,.. , 7, for H'(X; Q) such that 7;-7; = 0 for
1<i,j<g,and 7,-7;=n 6, j for some natural numbers n;. We remark
that we may choose n; =1 if i > t With respect to this basis, the Kaehler
form Q may be written Q = Y%, L1 A1;, s0

Qg-p+l
(g p+1)' ZNIT'I AT" ‘x —p+l /\Tig-ﬂ“’

tln
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where the sum is over all multi-indices I = (iy, ..., {;_py) With 1 < i; <
o <lg_py1 < g,and Ny =1/n; R TR
So, L&=7*(0)/(g — p +I)! equals
£Y NI AT A AT AT ATIA AT AT A AT
;
We note that all nonzero terms in this expression are linearly independent and
the only nonzero terms occur when {iy, ..., iy} C{s+1,..., g}.

But the cardinality of the set {s+1,..., g} is g—-s>g—(p—I+1)=g-p+
[-1,s0 g—s>g—-p+!. Hence, we may choose a subset {i;, ..., ig_p4} C
{s+1,..., g} and guarantee that L&?*/(§) # 0. This contradiction shows
s>p—1+1,sothat G/ c O, which proves the proposition. 0O

We conclude this section by summarizing our results in the following theo-
rem:

Theorem 2.10. Let X be a Riemann surface of genus g > p > 3 and let |
be a natural number with 1 < | < [%‘]. Let G' be the abelian subgroup
of HP(J; Z) generated by l-good p-forms. Let O, be the abelian subgroup of
HP(J ; Z) generated by l-orthogonal p-forms. Let L be the Lefschetz operator
on HP?(J; Q) defined by taking the wedge product with the fundamental 2-form
on J.
Then O, = G'. Further, if we consider the vector spaces generated by these
abelian groups in H?(J ; Q) then O, ®z Q = Gp, = ker L&~P+
Moreover, suppose 0 is a decomposable integral p-form and
[p/2]
0="> L6
r=0

is the Lefschetz decomposition of 6, where 0 is a primitive (p — 2r)-form on
J and L’ is the rth power of the Lefschetz operator.
Then 0 is I-good if and only if 60) = ... = gP/2) = 0,

3. HARMONIC VOLUME

In this section we will define harmonic volume and show that twice the value
of harmonic volume on primitive (2k + 1)-forms equals the linear functional
v . This relationship will enable us to utilize harmonic volume as a tool for
calculating the image of the algebraic k-cycle W — W,” in the intermediate
Jacobian _#(J(X)). In particular, we show that the values of harmonic volume
on good forms in G*~! lie in a discrete subgroup of R/Z and this will enable
us in the next section to show that harmonic volume is identically zero on this
class of good forms.

Let 0 =0, A--- A0y, beagood (2k + 1)-form. Define J: X, — T*+!
by

k k

X Xi
Jk(x.,...,xk)=(2/ 91,...,2/ ezkH) modulo Z2+!
p p

i=1 i=1

where p is a fixed basepoint in X . We know from §2 that J; X, , as a singular
2k-cycle, is the boundary of some (2k + 1)-chain, Cy,;,in T2%t! We define
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the harmonic volume of 6, 1(8), to be

1(6) = / dxy A+~ Ndxy,, modulo Z,
Coksr

where 0; is the pullback of dx; by the Abel-Jacobi map.

We remark that if we change the basepoint in X used to define the map J;,
the map is changed by translation. Since integration is invariant under rigid
translation, the mapping I is independent of the basepoint in X. We also
remark that for a hyperelliptic Riemann surface X , harmonic volume vanishes
identically, just in the case k = 1.

Our first result is to demonstrate harmonic volume as a sum of integrals over
a nested sequence of submanifolds of the symmetric product X, . This result is
analogous to Harris’ result representing harmonic volume as an iterated integral.

Proposition 3.1. Let 0 = 0, A--- A Oy be a nonzero good (2k + 1)-form. Let
N be the largest integer so that Oy A --- A Oy, is exact on X, . We remark
that 2 < N <2k. Let yy = Xy, and for each j, N-1<j<2k-1, let
v; be a j-manifold in yj., dualto 0;,,. Let fi(x) = fpx 0;. Then there exist
forms my. N ...; M. .. 2 Witheach n, _ ; beinga (j—1)-formon y; and
satisfying

d?]]ym,j = J,:(dxl AR /\de) and M,...j /\0j+1 =0.
Vi

Further,

I<0>=<—1>N-‘/ SO A AOyor 4 (=1)¥n
IN=1

_/ M,.. N+1 _"‘—/ N, . 2 modulo Z,
YN Y2k—1

and the value of the integral is independent of the choice of the n, . ;’s. More-
over, if 7; denotes y; cut along the submanifold y;_,, then

1(9)=/~f2k+191/\’“/\92k— SOy Ao A Oy
Xk Pk
+ 4 (=1)N! fNOL A~ ANOy_1 modulo Z.
IN-1
Proof. Let y, be an oriented n-manifold, n» > 2, and let 6,, ..., 6,,; be

n+ 1 closed 1-forms on p, with integer periods so that 6,,, is not exact on
yn. Let p € y, be a fixed basepoint and suppose also that the image of the map
8,: y, — T"*! given by

X X
X - (/ 0, ..., / 0,,+1) modulo Z"*!
p 4

is the boundary of some (n + 1)-chain in 77+!.

Let y,_; bean (n—1)-manifold in y, dualto 6,,;. Let 9, be y, cut along
Yn—1 so that 89, =y;_ Uy, _,. Then f,,i(x)= fpx 0,41 is well defined on 7,
with fo41(p7) = far1(p*) + 1, where p* € y/_, and p~ € y,_, correspond to
D€ Vn-t-
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We have

Jp —2, TP xR

(1) ql ql

Vn O N Tn+l
where ¢ are the natural quotient maps. Note that the oriented boundary of

©,(7n) is (_1)"9n()’:_|) U (_l)n_len(yn—_[) -
Let 1<i;<---<iy_1 <n. Then, we have

/:_ dxi, /\-.-/\dxin_, = d(@,,)i, /\---Ad(@,,)~
6, (Yn—1) Yn—1

-1

= i, N---NO
PYn—1

in—l

= 0,~,/\~~-/\0,~”_,/\0,,+|
Vn

by Stokes’ theorem, since ©,(y,) is a boundary.
Since

/~ dxy A Ndx;_, =0
en()’n—l)

for all sequences | < i} < -+ < i,y < n, é,,(y;‘_l) is the boundary of
some n-chain, Dy, in T" x R. Then ©,(y,_,) = 0D, , where D, = Dj +

(0,...,0,1). Let Y = é,,()?,,)—(—l)"(D,T—D,,‘) , where addition is as singular
chains. Then Y isan n-cyclein 7" xR and under the quotient map, ¢, ¢(Y) =

O (7n) -

Since the map on homology induced by the quotient map ¢g: 7" x R — T"+!
is injective and ¢(Y) is a boundary in 7"*!, we conclude that Y is a boundary
in T" xR. Say Y =8C,,,, where C,,, isa (n+ 1)-chainin 7" x R. Then

09(Cnys1) = Bp(yn), s0,

/ dxi AN Ndxpy
q(CnH)

/ dx,/\-~-/\dx,,+|
C

n+1
=(—1)”/x,,+|dx|/\-~/\a’x,,
Y
=(—1)”/~ Xpp1dXxy A+ Ndx,
e’l?"

—/ x,,+1dxl/\~~/\dxn+/ Xpp1dxi A+~ Ndxp
D} D;

n

=(—l)"/f,,+19;‘,(dx1/\---/\dx,,)+/ dxi A Adx.
In D,
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We remark that we have used the commutative diagram (1) to identify

é;(dxl A---Adxy) and O (dx; A---Adx,) by means of the quotient map ¢,
where dx;A---Adx, is considered as a formon 7" xR and T"*!, respectively.
It is easily computed that

8 (dxi A+ Adxy) = 8;(dx1/\~~~/\dx,,)=/ dxi A Adxy =0,

7 " O (7n)
since ©,(y,) is a boundary, and it follows that there exists a (n — 1)-form
M,..,n on y, such that
dny,...n=90hdx A Ndxy).

Suppose fy" v AB,,1 =0 forall closed (n—1)-forms ¥ on p,. It then follows
that 6,,, is exact on y,, contradicting the hypothesis that this form is not
exact. Thus, there exists a closed (n — 1)-form y on y, with

YWAOu=1.
¥n

Say
/ M,...n A 0n+1 =C.
Pn

We then replace ;. .., by m1,...»—Cy and obtain a new (n— 1)-form, which
we will still call #; _ ,,on y, such that

(%) d’?l,...,n = e;(dxl A /\dxn) and M,...n A 0n41 =0.

n
Then
[ Sua1Ondxi A---Ndxp) = [ fosrdm, . n
T

7n
= [ Sorrdn, . nt Oni A,
7
= d(f;l+la ﬂl,...,n)

n

=/ f;l+l’71,...,n
(=Dryy_u(=Dm+ty

=(_1)n+l M,..,n-
Yn—1

Note that if we choose another (n — 1)-form n;
then 1y, n— ’7’1,..‘,n is a closed (n — 1)-form on y,, so

on p, satisfying (x),

Mm,..n— "{,...,n = / (”l,...,n - 'li,...,n) ANOny1 =0,

Pn—1 ¥n

so the choice of 7, , is irrelevant.
So,

dx]/\"'/\dxn+l= dxll\/\dx;;_/ ﬂl,...,n~
Chit D, Yn—1
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The n-form dx; A--- Adx, on T" x R arises by pulling back the form
dx; A---Adx, on T" by the projection p: T" x R — T". Hence, if D} =
p#(Dy) , we have

dx;N---Ndxp = dxiN---ANdx,.
D D!

Note that dD¥ = py(0D,) = p#(On(yn—1)) is the image of y,_, under the map
©,_i: yo_1 — T", given by integrating 6,, ..., 6, modulo Z along a path.

Now y,_; isan oriented (n—1)-manifold whose image under the map 6,_;,
defined by integrating 6,, ..., 6, along a path, is the boundary of some n-chain
in T". If the form 6, is not exact on y,_;, then we have an inductive step.

Thus, we obtain

1(0>=/ dxm-~Ade—/ —
D%, IN-1

—-~-—/ Mm,..,2c modulo Z,

Y2k—1
where 7, = X; and y, is an /-manifold in y,,, dual to 6,,,; D% is an
N-chain in TV whose boundary is the image of the map Oy_;: yy_1 — TV
given by integrating 6, ..., Oy modulo Z along a path; and #, _; is an
(I - 1)-form on y, with

dm, . =Jidx A---ANdx;) and Mm,.iN01=0.

Since 6y is exact on yy_;, the mapping Oy_; lifts to a mapping éN_l
with the following diagram commuting:

On_
yn—1 — TN-'xR

H !

IN—] — T~
The injectivity of the map induced on homology by g: TV-1xR - TN
yields that ©y_;(yn_;) is a boundary in T¥~! x R. If Dy is an N-chain in
TN-1 x R with boundary ©y_,(y~_1), then
dx;AN---Ndxy = dx;AN---ANdxy modulo Z,
D, Dy
since ¢(Dy) and D% differ by a cycle in TV.
But,in TV "' xR, dx;A---Adxy = (DN 'd(xydx; A---Adxy_1), so

dxyA---Ndxy= | dxiA---ANdxy modulo Z
D, D
=(—1)N_l/\ xydxy A ANdxy_,
On_1(7n-1)
= (-t NG AN ON_y .

YN-1
This serves to complete the proof. O
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Our next result is the crucial connection between harmonic volume and the
image of W — W,” in the intermediate Jacobian £ (J(X)).

Proposition 3.2. On good forms, the homomorphism v defined by integration
over a chain whose boundary is W, — W,”, equals twice the harmonic volume.
Thatis, v =2I.

Proof. By defining j: H'(X;R) — H!(X;R) by j(a) = —*a, where = de-
notes the Hodge star operator, we induce a complex structure on H!(X ; R)
which makes it isomorphic to H!-%(X), so we may consider the Jacobian J to
be [H'(X; R)]* modulo the lattice generated by periods of 6, ..., 6, *6;,

LECEE) eg .
Consider the commutative diagram

X, —% . g

H d

Xk Ji T2k+l
where J, is the map defined above by integrating 6, ..., 6., along a path;
and 7 is projection on the first 2k + 1 factors.

If Dyeyy isa (2k + 1)-chain on J with boundary W — W, and Cy,, isa
chain on T2%+! with boundary J, X, then it is easily shown that 7D, and
Coks1 — i4Caxs1 , Where i is the group involution on T2¥*!  are homologous.
Now using this fact and the definition of v and I, the result follows. O

We now show that, for k > 2 and for an element in GK~!, the image v(0)
lies in a discrete subgroup of R/Z. We will use this result in §4 to show that
the homomorphism v is identically zero on GK—!.

Lemma 3.3. For k > 2 and 6 = 6, A --- A Oy, a generator of Or_,, as
defined in §2, then v(0) is a (k!)-torsion point in R/Z. Consequently, if 6 isa
decomposable integral (2k + 1)-form in the kernel of the (g — k — 2)th power of
the Lefschetz operator, then 6 is (k — 1)-good and v(6) is a (k!)-torsion point
in R/Z.

Proof. Rather than considering W, , the image of X; in J, consider myW},
the image of X* in J, where m: J x --- x J — J is multiplication.

We write Wk — (W )k as the sum

k—1
my(W = W)K) = 32 mal(Wh = W) x W71 (),
j=0

Now, choosing a 3-chain D; whose boundary is W; — W,”, then the cycle
my(WF — (W[)¥) is the boundary of

k—1
Dygyr = > my[D3 x W7 x (W Y],
j=0
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Using the fact that k!v(0) = szm 0 and the fact that 6 is in O,_; and

therefore at least k + 3 of the 6,’s are orthogonal, a simple computation of
fDZk+l 6 completes the proof. O

We summarize the results from this section in the following theorem:

Theorem 3.4. Let X be a nonsingular algebraic curve of genus g > 2k + 1 for
a fixed natural number k. Let J = J(X) be the Jacobian variety of X . Let I
denote the harmonic volume map and let v denote the map on integral (2k +1)-
forms given by integration modulo Z over a chain D, whose boundary is
the k-cycle W, — W~ . Let U be the associated vector space map, which is
well-defined modulo periods. Then the C-linear map v is identically zero on
(r, 2k+1—r)formsif r <[£] orif r > 2k +1—[%]. Further, harmonic volume
is a well-defined map which is independent of the basepoint in X used to define
the map Ji . Proposition 3.1 presents a formula demonstrating harmonic volume
as sum of integrals over a nested sequence of submanifolds of X .

Further, when restricted to k-good (2k + 1)-forms, the homomorphism v
equals twice the harmonic volume. The image of G*=! under the homomorphism
v is contained in a discrete subgroup of R/Z. Recalling Proposition 1.1, if W,
is algebraically equivalent to W, it is necessary for ¥ to vanish on forms of
Hodge type (r,2k+1—r) ifr#k and r#k+1.

4. VARIATION OF HARMONIC VOLUME

In this section we will use the interpretation of harmonic volume as the
“volume” of a chain to utilize the methods of integral calculus in order to
compute the change in harmonic volume as the complex structure on X varies.
The connection between harmonic volume and v will then allow us to derive
a formula for the “vertical codifferential” of v when considered as a section of
a holomorphic torus bundle.

Let G be the free abelian group of good (2k + 1)-forms on J. Let Gr =
G®zR and Gc = GRorC. We remark that Gg and G¢ may be considered as
vector subspaces of H2*!(J; R) and H?*+!(J; C), respectively. By the Hodge
Theorem, H%*+!(J;C) = D, g=261 H?9(J), and, letting GP-9 = HP-9(J) N
Gc, we get Gec = @ GP+9, since the Lefschetz operator is a real operator of
bidegree (1, 1). As mentioned in the introduction, the Hodge filtration induces
a filtration on the subspace of H?*+!(J; C) generated by good forms. The
inclusion

Gr — Gc/F*+1Gc = F*'Gc,

gives Gr a natural complex structure that, by the work of Griffiths, varies
holomorphically with the complex structure on J .
The group homomorphism can then be realized as a point on the torus

Homc¢(F**'G¢, C)/Homg(G, Z)

in the following manner. The map v is an element of Hom(G, R/Z). Now,
Hom(G, R/Z) is isomorphic to the quotient Hom(G, R)/Hom(G, Z), and
Hom(G, R) can be identified with Homg(Gg, R) . Further, if we define

u: Homg(Gr, R) — Homc(Gr, C)
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by
u(A)(p) = A(J(p)) + iA(p),

we then identify Homg(Ggr, R) with Hom¢(Gr, C). Denoting Hom(G, Z) by
G* and Hom¢(F**'G¢, C) by G’ , we may consider v as a point on the torus
G*%/G*, a compact complex Lie group similar to the intermediate Jacobian of
the manifold J .

Now suppose we consider a holomorphic family of compact Riemann sur-
faces Xj, all of a fixed genus g > 2k + 1, where s ranges over some complex
open disk about the origin and Xy, = X . Then we may consider the homology
basis as fixed and the complex structure as varying holomorphically. Then the
torus bundle on Torelli space with fiber G7(s)/G*(s) is holomorphic and the
linear functional v provides a holomorphic section of this bundle. These re-
sults are essentially the work of Griffiths [G1, Proposition 3.8, G2, Theorems 1.1
and 1.27]. The holomorphic variation of v implies the following result which
generalizes the fact that v vanishes on holomorphic differentials as shown in
Proposition 1.2. '

Proposition 4.1. For k > 2, the homomorphism v is identically zero on G*~'.

Proof. Let k >2 and let X be a Riemann surface of genus g > 2k + 1. Con-
sider X as varying in Torelli space. That is, let A be a (3g — 3)-dimensional
complex disk containing the origin with each s € A corresponding to a Riemann
surface X; so that X; = X and so that A is a complete, effective parametri-
zation of the variation of complex structure of X .

Let 8 = 0; A--- A Oy, be a decomposable (2k + 1)-form on the Jacobian
J(X) which generates O;_, and let 6; be a harmonic 1-form on X, repre-
senting the same cohomology class as 6. Thus, 6; is a (k — 1)-good form on
J; and by Lemma 3.3, v5(6;) is a (k!)-torsion point in R/Z. Since v; varies
analytically with s and maps continuously into a discrete set, v, is constant on
0 as s varies. Now, choosing some sy for which the corresponding Riemann
surface Xy, is hyperelliptic, and therefore v, is known to be identically zero,
serves to conclude the proof. O

Hence, the homomorphism v is identically zero on primitive forms for
k > 2. Hence, in order to gather any useful information about the algebraic
equivalence of W, and W~ one must consider the larger class of good forms.

Now we consider the variation of harmonic volume as the complex structure
of X varies. To accomplish this, we will invoke the theory of deformation
of complex structure as described in [SS]. For a more modern treatment, the
reader is also referred to [K].

Fix a point ¢ in the Riemann surface X and introduce a local coordinate
z which vanishes at 7. Let s = p?e%?¢ be a complex number of sufficiently
small modulus so that the closed disk |z| < p lies in the image of the local
coordinate z. Let z* be a local coordinate whose image contains an annular
neighborhood U of the curve |z| = p, but which omits a neighborhood of .
We define a new Riemann surface X; by removing the disk |z| < p from X
and attaching a disk with local coordinate z by identifying z* = z +  along
the overlap U N {z||z| > p}. Thus, Xo = X and X; defines a holomorphic
family of Riemann surfaces as s varies over some small open disk. A Riemann
surface X* is a deformation of X if X* is conformal to X, for some s.
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We remark that if 6 is a harmonic 1-form on X representing a cohomology
class [0] in H!(X; R), then since H!(X; R) = H!(X*; R), [6] may also be
considered as a cohomology class in H!(X ; R). However, § may no longer
be harmonic on X*, but there is a unique harmonic 1-form 6* on X* with
[6*] =[0]. We say 0* is the harmonic 1-form on X* associated to 6.

Choose 3g—3 generic points f;, ..., t3,_3 on X and perform this same de-
formation technique at each point ¢;, making sure that the coordinate patches
on which the deformations take place do not overlap. This gives a (3g — 3)-
dimensional parameter space A with coordinates sy, ..., S3g_3 over which the
complex structure of X varies. If the points ¢, ..., t3,_3 are chosen gener-
ically so that any quadratic differential vanishing at all these points vanishes
identically, then the evaluation map

Ty (A)® H'(X ; K*) - C,
3g-3 3g-3

) cjaisj ®a(2)d2)? ~ Y calty),
j=1

is nondegenerate in the second factor, and it follows that the Kodaira-Spencer
map taking T3(A) to H!(X; ®), where ® = K~!, is surjective, hence an
isomorphism. Hence, by the Kodaira-Spencer completeness theorem, the disk A
is a complete, effective parametrization of all possible variations of the complex
structure of X .

Let X be a Riemann surface of genus g > 2k +1 for a fixed natural number

k andlet 6,, ..., Oy, be harmonic 1-forms on X so that 6, A--- Ay, is
a good (2k + 1)-form. Let X* be a deformation of X and let 67, ..., 605, .,
be the harmonic 1-forms on X* associated to 6, ..., 0y, . We remark that

07 A---AB,,, isstill agood (2k + 1)-form. Let Ji: X, — T2+ be defined
as in §2. That is

Jk(xl,...,xk)= z/ 01,...,
j=1"?

Likewise, let J;: X; — T2+! be defined using 67, ..., 65, .

Recall that the harmonic volume of 6, I(6), is the volume modulo Z of a
(2k + 1)-chain in T?%*! which is bounded by Ji X, . Similarly, 1(8*) is the
volume modulo Z of a (2k + 1)-chain in T2*! which is bounded by JEXE .
Thus, for X* near X, and hence for X near X, I(6*)—1(0) is the volume
between the “surfaces” Ji X, and J;X; in T2k+1  In the case k = 1, this
variation is computed by the method of integral calculus [BH1, Theorem 5.8]:

ko
/ 0.1 | modulo Z%+!,
- p

Jj=1

Proposition 4.2. Let 0,, 6,, and 65 be integral harmonic 1-forms subject to the
conditions that [, 0;:A0; =0 forall i, j. This condition is equivalent to the three
form 6 = 6, A6, A0 being primitive on the Jacobian J of X . For 1<i,j<3
with i # j, let n; ; be the unique 1-form on X such that dn; ; =6, A6; and
ni,j is orthogonal to all closed 1-forms on X . Define Q: P®zR — H(X ; K?)
by

QO ABIAB3) = D (B +i"01)(ma3+i"Mm.3),
(1,2,3)
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where * indicates the Hodge star operator and the sum is over cycle permutations
of the set {1, 2, 3}.
Consider the harmonic volume I1(0;s) for s = (si, ..., S35-3) near s =0.
Then
3g-3

1(6;5)—1(0;0) =Im lzn Z 5 (Q(e)) (tj)} +0(s),

where zj is the complex coordinate on X = Xy near tj. Further, harmonic
volume varies holomorphically with s .

We will use this result for the case kK = 1 to derive an analogous formula for
the variation of harmonic volume for arbitrary k. Our result, which completes
this section, is

Theorem 4.3. Define Q,: Gg — H°(X ; K?) by

Qi(01 A ANOyyr)

E (sgn 1) (0,02k+1) + I*Op2k+1))
HESx41

'('Iu(zk—n),u(zk)+i*'l#(2k—1),u(2k))H/)(Gu(zl-l)/\ﬁu(zl),
I=1

where 1n; ; is the unique 1-form on X such that dn; ; = 6, N6; and n; j is
orthogonal to all closed 1-forms on X .
For s =(s1, ..., S3g—3) € C3¢=3 of sufficiently small modulus,

3g-3

1(6;s)-1(0;0)= L (kl [ZnZs,Q'( 2(t,}+o(s),

where z; is a local coordinate on X = Xy around t;.
Proof. From the computation in the proof of Lemma 3.3, we have

k—1
k(@) =k Y & / 6:, A0, A O, - [] /X 6, A6,
=1

Ies

where ¥ is the collection of all multi-indices I = {i), ..., ip4} With 1 <
i1 <ip<i3<2k+1;1<iy<iy,;<2k+1,for 2</<k;and ¢ isthe
sign of the permutation iy, ..., iy of 1,...,2k+1.

Since 6 is k-good, we may assume 6 is k-orthogonal by Proposition 2.9.
Hence, some k + 2 of the 6,’s are mutually orthogonal under the skew sym-
metric pairing (a, f) — [, a A f. We may assume that 6, , 6;,, and 6;, are
mutually orthogonal, for otherwise the summand is zero. So, 6;, AG;, AG;, isa
primitive 3-form on J. Then

0," A 0,’2 A 9,'3
D;

is simply v(6), where this v is the Abel-Jacobi map on integral 3-forms.
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Now consider X as varying in Torelli space. Then

k—1
kU0 - v @1 =k S o [ 000, 06:-TT [ 67,103,
Dy o Jx

Ies
k-1
-k Z 81/ 6i, NOi, A O, - H / Oiis N Oigys -
rer b =1 *X

Since the pairing (a, ) — [, aAp is topological, and therefore independent
of complex structure, the integrals appearing in the products are constant with
respect to variation in Torelli space. Hence, we obtain

k![v(67) — v(0)]

k—1
=kzz»:1 (/ 0; A6}, A0}, -/ 6;, /\9,-2/\0,-3> ]'[/ 6iy., A Oiy.,
Ds Dy -1 /X

(%) Ies

k-1
N AN AN AR R / By Ay
Ies =1 "X
where the v’s in the braces signify the Abel-Jacobi map on primitive 3-forms.

Quoting Proposition 4.2 and using the fact that v = 21 on good forms, we
have

3g-3
v(0*)—v(f)=2Im [27: jz:; Sj(—g'if—))z(tj)] +o(s),

where

Q01 A6y AB3) = Y (61 +i"61) (M3 +i"2,3)
(1,2,3)

and z; is the complex coordinate on X = X, near ¢;. Substituting this into
(), we obtain

k![v(67) - v(6)]

=2k Z g/Im

iy Z(,‘, iy iy (Oiy + 7705 (Miy iy + Ny i)
Ies

2 . .
(P @z, “4

k—1
1 / 0, A, +0(s).
=1 X

The use of a combinatorial argument and the fact that v is twice the value
of harmonic volume on good forms now concludes the proof.

The fact that the map Q; has values in the holomorphic quadratic differen-
tials follows from Proposition 4.2. O

5. NONDEGENERACY OF HARMONIC VOLUME

We first show that the homomorphism Q; of the last section may be in-
terpreted as the codifferential in the direction of the fiber of the mapping v,
considered as a map from Torelli space into the torus bundle with fiber G%/G*.
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Using this it is possible to perform a computation which shows that, for a hyper-
elliptic Riemann surface X which has its branch points located radially about
the origin and symmetrically about the real axis, this codifferential of harmonic
volume maps surjectively onto the (—1)-eigenspace of the hyperelliptic invo-
lution on the hyperelliptic locus in Torelli space. Thus, the differential of the
harmonic volume map at the point of Torelli space represented by X is in-
jective on the subspace of the tangent space to Torelli space which is dual to
the (—1)-eigenspace of the hyperelliptic involution on the hyperelliptic locus.
In particular, whereas harmonic volume is identically zero on primitive forms,
it is nondegenerate on good forms. This implies that an intermediate Jacobian
based on good forms might be valuable in determining the algebraic equivalence
of algebraic cycles.

Let X be a hyperelliptic Riemann surface of genus g > 2k + 1. Without loss
of generality we may assume that X has equation y? = []_,(x — ¢;), where
n=2g+2. Let wj = x)dx/y, 0< j < g-—1, bea basis for H'(X; K),
where K is the canonical bundle on X . Let x = re’® and x —e; = rje®
We assume []}_, r; is an even function of 6 which is also invariant under the
transformation taking 6 to 6 + 2z /n. This condition is fulfilled if the branch
points of X are located radially about the origin with one branch point located
on the positive real axis.

A computation [BH1, §6] shows that Re(w;) ARe(w,,) is a well-defined form
on P! and that integration of this form over P! yields zero, so we conclude
that

Re(w;) - Re(wp,) =0 forall/, m.
Similarly, it is shown that
Im(w;) - Im(w,,) =0 forall/, m.

We next compute

w; + Wy A Wy — Oy
2 2i
1 _ _
= —E(w"’ ANQO; + W; N WOp)
1 r1+m ei(m—l)@ +€i(1—m)0 )
=—— ( ) _ 2irdrd6
4i Ilrj

I+m _
_r cos(m l)ordrd(?,
[Ir

which is also a well-defined form on P!. Thus, we have

l+m
/ Re(w;) A Im(w,,) = 2 / reos(m l)ordrde.
X =0 [Ir

Re(w)) Alm(wy,) =

Since the function []r; is presumed to be an even function of 6 which is
also invariant under the transformation taking 6 to 6 + 2m/n, we conclude
that it is also invariant under the transformation taking 6 to 6 — 2n/n. Now




THE ABEL-JACOBI MAP 325

we compute
2n pltm 2n42zn/n Ll+m 0
/ H—cos[(m -101d6 = A 17 cos [(m =) (0 - —n—>] do
2n+2n/n r1+m i
= cos m—lOcos[m—l———]
/Zn/n Hrj { [( ) ] ( ) n

+sin[(m — [)0]sin [(m - 1)27”] } do

2n+2n/n Ll+m
= Cos [(m - 1)2—7[] / r——cos[(m -1)61d6
2

n/n T

=co [( _1)2_7:] /ozzilfl+’jcos[(m—l) (0+g£)] do

|m-n2Z]| [ 2 T costom — 1918
=cos* |(m—1)— ——cos[(m — .
n | Jo=o I17;
We conclude that if Re(w;) - Im(wp,) # 0, then (m —[)2n/n is an integral
multiple of 7, or equivalently, m —/ is an integral multiple of g + 1. Since
0<m,l<g-1,this forces m = /. So, we obtain

Re(w;) - Im(wp,) =0 forl#m.
Any holomorphic 1-form @ can be written w = 6 + i*6 where 6 is a
harmonic 1-form. Further, since *x = —1, it is easily seen that *w = —iw.

The Hodge star operator defines a hermitian positive definite bilinear form on
H'%(X) given by

(b, v) =/X¢/\*‘v7= i/XqSAW.
This is called the Hodge inner product. It is easily computed that
(¢, w) =0 if and only if Re(¢)-Re(y) =Re(¢) - Im(y)=0.

Fix j with 0 < j < g-3. Let 0] = w;, w), = wjy;, and W} =
wj+2. It follows from the preceding paragraph and our preceding compu-
tations that o}, @}, and wj are mutually orthogonal holomorphic 1-forms
under the Hodge inner product. We now complete w), w), @} to a basis

wy, ..., w, for H 1.0(X) consisting of pairwise orthogonal holomorphic 1-
forms. For 1 < i < 3, let 6, = Re(w}). Further, let 65;_7 = Re(w]) and
02i-2)+1 = Im(w;) for 4 <i<k+2. Since v, ..., w, are pairwise orthogo-

nal under the Hodge inner product, we have Re(w;) - Re(wy,) =0 forall /, m
and Re(w)) - Im(w)},) =0 for all / # m. It follows that

(%) 0,:0,=0

if {i,j}#{2m+2,2m+ 3} forsome 1 <m < k — 1. It also follows that
0., 0,, 05, and 6, , for 2 </ <k, are k+2 mutually orthogonal 1-forms, so
that 6, A--- A 0y, is good, by Proposition 2.9.

Recall the formula in Theorem 4.3 computing the change in harmonic vol-
ume, a formula which we now denote by é/. Since v = 21, we may interpret
this map as the “vertical codifferential” of the map v, considered as a sec-
tion of the holomorphic torus bundle with fiber G, (s)*/G(s)* as s varies in a
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disk A in Torelli space. In order to see this interpretation, recall that the fiber
of this bundle is actually the real dual space of Gg, and we have endowed Gy
with a complex structure making it canonically complex-isomorphic to F¥*!G¢ .
Hence, over a small (3g —3)-dimensional disk in Torelli space, the torus bundle
is analytically trivial, and we may identify all the fibers over A with a single
fiber, say over a point p in Torelli space representing a Riemann surface X,
and then reintroduce the complex structure on that fiber via the identification
of Ggr with G.(p)*/G(p)*. (See [G2, §II.1].) Thus, we may consider v as
mapping A into a fixed fiber, and then 6/ (modulo a factor of two) represents
the codifferential
G, — T;(A) = HY (X, Q).

By Theorem 4.3,

ol = Z (sgn 1)(0u2k+1) + 1 Ou2k41))
UESo 41

k-1
* (Mu2k—1), w2k) T E Muk—1), w2k) H w2i-1) * Ouany)
I=1

and, using what we know about (6; - 6;) from equation (*), we obtain

81 =281k = 1) " (sgn1)(Be3) + i*Ox3))
T€S;
k-1
(Mery,z@) + 11y, x@) [ (Bate2 - Baus3) -
=1

The computation done in §5 of [BH1] now allows us to conclude that 7
maps indecomposable good forms onto the space of quadratic differentials of
the form x/(dx)?/y,where 0<j < g-3.

This set of holomorphic quadratic differentials forms a basis for the (—1)-
eigenspace of the hyperelliptic involution on the hyperelliptic locus in Torelli
space. It follows that the differential of the mapping v is injective on the dual
space of this (—1)-eigenspace. In particular, the section v is not identically
zero, and therefore generically nonzero by analyticity.

We remark that a careful examination of the proof of this result shows that
we actually need only take g > k + 2 and that the real (2k + 1)-forms used in
the computation correspond to (k +2, k — 1)-forms in G, , on which v must
vanish if W, is algebraically equivalent to W,” . Presumably with additional
knowledge on the value of the change in harmonic volume on (k + 1, k)-forms
lying in the image of the differentiation of v with respect to a generic defor-
mation of X in Torelli space, an independent proof of Ceresa’s theorem might
be achieved.
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